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Abstract
In this paper, a thermo-mechanical constitutive model for the predictions of fatigue in structures using the finite ele-
ment method is formulated. The model is based on the damage mechanics of the continuous medium and allows the
treatment in a unified way of coupled phenomena such as fatigue with damage, plasticity, viscosity and temperature
effects. Basically it is gotten sensitive models to cyclic loads starting from classical non-linear constitutive formulations
incorporating the special variable influenced by the characteristics of the cyclic load.
A formulation based on the theories of damage and plasticity is developed. The necessary modifications of these
theories are outlined in order to include the fatigue phenomena. A brief description of the finite element implementation
is given.
Finally, results of the performance of the proposed model are shown through the simple fatigue test and the fatigue
analysis of an aluminium engine alternator support.
 2004 Elsevier B.V. All rights reserved.
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Time varying cyclic loads produce failure of
structural parts for values of stress lower than
those obtained in static tests. This phenomenon0927-0256/$ - see front matter  2004 Elsevier B.V. All rights reserv
doi:10.1016/j.commatsci.2004.08.001
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cimne.upc.es (O. Salomo´n), onate@cimne.upc.es (E. On˜ate).is called fatigue and it is defined more generally
in the ASTM [1] code as: ‘‘the process of perma-
nent, progressive and localized structural change
which occurs to a material point subjected to strains
and stresses of variable amplitudes which produces
cracks which lead to total failure after a certain
number of cycles’’.
Fatigue is the main cause of failure of machine
parts in service, in mechanisms and structuraled.
176 S. Oller et al. / Computational Materials Science 32 (2005) 175–195elements functioning in aeronautics, naval and the
automotive industry as well as in civil engineering
structures such as bridges, buildings, etc.
The study of fatigue starts from the basic fact
that it is not a phenomenon associated with the
classic concept of plasticity and/or damage and
that failure occurs under load conditions well be-
low the strength limit of the material. Typically,
a progressive loss of strength occurs depending
on the number of stress cycles that induces local
plasticity and/or damage effects. In addition, all
these phenomena are usually coupled with thermal
effects.
Collapses by fatigue are especially dangerous
because they are unpredictable, giving no prior
notification of the imminent failure: they occur
suddenly and show no exterior plastic deforma-
tions. They are fragile failures which display two
well separated zones: a dark polished zone show-
ing obvious ductile cleavage which happened
smoothly and a rough shinier zone where the final
break is localized after surpassing the fatigue-re-
duced material strength.
It must be noted that fatigue itself always oc-
curs with accompanying mechanical actions,STABLE CRACKS INITIATION 
Crack Growth 
Region II: micro craRegion I : dislocation 
and pore growth 
Fig. 1. Fatigue life conventional stawhich do not seem critical by themselves but, in
the end are decisive for the life of the material.
In a part subjected to cyclic loading, several
conventional stages may be distinguished during
a fatigue process (see Fig. 1):
• Region I, where the first micro-structural
changes occur, micro-cracks form, the density
of dislocations grow and later irreversible dam-
age zones localize.
• Region II, is characterized by the macro-cracks
that begin after of the coalescence of the micro-
cracks taken place by the dominant direction
induced by the mechanical problem.
• Region III, where growth of macro-cracks dam-
age leading rapidly to total collapse.
These characteristics behaviour also can be
shown in a experimental/numerical test reported
in Fig. 12 that will be explained in Section 6.1.
The time length of each of the above stages may
vary considerably depending on the type of mate-
rial, load, topology, temperature, etc. Often it is
difficult to distinguish the boundaries between
these stages.PROPAGATION 
Region III : crack growth  cks
Unstable crack growth 
Nº of  Cycles
ges in the metallic materials.
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To try to carry out a historical review of the
evolution of the study of the fatigue during the last
hundred seventy years would be impossible and
beyond the objective of this work. For this reason
a very brief presentation will be made here, even at
the risk of omitting important works that have
contributed to the development of this knowledge
area.
The first study on fatigue was done on metallic
materials around 1829 in Germany, after observ-
ing collapses of mine scaffoldings subjected to
loads usually considered safe. That generated
interest in the study of parts subjected to cyclic
loading, which later was further fuelled by the
developing railway industry.
Towards 1860, A. Wo¨hler, a Bavarian railway
engineer, gave a decisive push to the knowledge
of fatigue phenomena by performing numerous
tests under diverse loading conditions in order to
determine the reason of premature collapse of rail-
way axles [33]. The results of his studies are the
well-known Stress–N cycles curves (S–N) as well
as the concept of fatigue limit strength or
endurance.
Wo¨hlers S–N curves (see Fig. 2) are obtained
experimentally by subjecting identical specimens
to cyclic harmonic stresses and establishing their
life span measured in number of cycles. The curvesFig. 2. (a) Stress evolution at a singledepend on the level of the maximum applied stress
and the ratio between the lowest and the highest
stresses (R = Smin/Smax).
Years later, around 1900, the studies set out for
understanding the hardening and softening cycles
of metals discovered the hysteretic strain and life
curves in fatigue processes [2]. This was accom-
plished using constant strain amplitude cycles,
thus avoiding uncontrolled stress increases which
induce complex combined mechanical and fatigue
phenomena.
In the 1950s, Manson [18] and Coffin [6] formu-
lated that the plastic strain is one of the main
causes of cyclic damage in metals, and proposed
an experimentally derived expression relating the
number of cycles to the inelastic strain.
Another point of view for studying fatigue was
based on fracture mechanics. Irwin [12] related
fatigue phenomena with fracture via stress inten-
sity factors. Along the same line, years later For-
rest [9] characterized fatigue crack growth by
means of the stress intensity factor. He was the
first to suggest that crack length increase depends
on the fluctuation range of this stress intensity fac-
tor. Later, Paris [25,26] found a now notorious
mathematical relation between the number of
cycles and crack length, so fulfilling the original
idea. This last approach is valid only for simple
stress states and geometries. Moreover, predic-
tion of coupled phenomena effects present greatpoint. (b) S–N Wo¨hlers Curves.
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with uncyclic thermal or mechanical loads.
In recent years a fundamental change in focus
has occurred. Chaboche [4,5] included fatigue into
the general damage theory of continuum mechan-
ics. This study was based on the hypothesis that
fatigue damage is essentially of the same nature
as mechanical damage and can be described via
an internal variable allowing the adequate treat-
ment of the accumulation and localization of dis-
locations. This internal variable relates damage
to the number of cycles.
All these approaches have been formulated for
periodic loads, where a dominant period may be
clearly established. Little has been done in the
more general case of non-periodic actions [20].
The problem becomes more complicated when
plastic effects occur due to high-level loads com-
bined with cyclic effects including additional plas-
tic effects. Even in the absence of detectable
plastic effects, fatigue generates non-linear behav-
iour at micro-structural level in metals [31,24].
The previous description suggests that the theo-
retical structure of continuum mechanics, such as
plasticity and damage [13,14,17,19,21,23,32] are
suitable for the study of non-linear fatigue prob-
lems. From another point of view, it can be stated
that the mechanical effect known as fatigue pro-
duces a loss of material strength as a function of
the number of cycles, reversion index, load ampli-
tude, etc. This loss of strength induces the material
to inelastic behaviour, which may be interpreted as
micro-cracking followed by crack coalescence
leading to the final collapse of structural parts.
This paper presents a fatigue prediction model
based on a continuum mechanics formulation
accounting for coupled thermo-mechanical effects
(also see [5]). Particularly the constitutive model
presented here is centered in the study of the resid-
ual strength of the solids under loads that produce
fatigue [30]. This model establishes the relationship
between this residual strength and the yield sur-
face, controlled by the standard internal variables
(damage dissipation, plastic dissipation, etc.), plus
a new internal variable of fatigue that incorporates
the influence of the cyclic loads. So, by the control
of the yield surface and of the dissipation energy is
included in this model the concept of accumulationof ‘‘deterioration’’ or ‘‘damage’’ produced by the
fatigue. This new internal variable of fatigue sum-
marizes an idea of very general control of the
behaviour and it could be applied to diverse con-
stitutive formulations already established.
The layout of the paper is as follows. In next
sections the basis of the continuum mechanics for-
mulation is presented. Next the fatigue life predic-
tion methodology proposed is described. Details
of the finite element formulations are also given.
Finally the efficiency and accuracy of the proposed
model is shown in a practical example.3. A continuum mechanics model for fatigue analysis
3.1. Introduction
A fatigue model formulated within a continuum
mechanics framework overcomes most of the
drawbacks associated with the standard fracture
mechanics based procedures:
a. The classical models proposed for fatigue only
forecast the life of a part as a function of the
number of cycles of periodical loads [26]. The
proposed model permits the introduction of
the loss of strength of metals due to combined
effects of fatigue, fracture damage, plasticity,
viscoelasticity, temperature, etc. This means
that complex phenomena that occur in materi-
als may be forecast for parts in service to study
their safety at a given moment of their life, prior
to total collapse.
b. Extending the previous idea, it must be recalled
that experimental tests constitute a good tool
for specific cases and for obtaining parameters,
but they cannot be extended to situations more
complex than those studied in the laboratory.
Fracture mechanics does not offer a true solu-
tion to this problem, thus being extremely com-
plicated to quantify the effect due to complex
load conditions. Approaching the problem in
a more general way, using continuum mechan-
ics theory, makes it possible to take into
account the combined effects of other factors
such as thermal loads, mean stress, multi-axial
stress states, plastic damage, etc.
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related to fatigue allows treating accumulative
damage without the need to formulate a com-
plementary constitutive rule [30]. In this man-
ner, the model proposed here is able to
account for non-linear damage accumulation
problems that occur when a structural part is
subjected to cycles of different load amplitudes.
3.2. Thermal and thermo-mechanical fatigue
Thermal fatigue can occur due to the alone ac-
tion of cyclic variation in temperature without the
influence of other external loads [9], meanwhile
thermo-mechanical fatigue can be identified with
fatigue due to cyclic loads at high (or low) temper-
atures. Usually both phenomena produce a joint
action:
a. Acting like a load whose mechanical effects are
of more complexity that those that are achieved
under mechanical loads.
b. Producing an alteration in the properties of the
material, driving to an activation or attenuation
of the fatigue effects.
Micro-structural changes take place under
thermal alterations of the solid. In this work a
macroscopic behaviour interpretation at phenome-
nological level is adopted. This allows studying the
problem at macroscopic level by means of contin-
uous mechanics theory. Particularly, an approach
through the non-linear theories based on internal
variables is adopted. More specifically, a theoreti-
cal thermo mechanical framework is developed
based on the general theory of plasticity and dam-
age that it is sensitive to the number of cycles of
the thermo mechanical action [27].
3.3. Elasto-plastic damage model. Thermo
mechanical formulation
3.3.1. Introduction
The inelastic theories of plasticity and/or dam-
age can solve the problem of material behaviour
beyond the elastic range and both theories allow
the study of the change in strength that suffers amaterial point by inelastic effects throughout the
yield surface control; however they are not sensi-
tive to cyclic load effects. In this work the standard
inelastic theories are modified to account for fati-
gue effect coupled with non-fatigue behaviour.
It is assumed that each point of the solid follows
a thermo-damage-elasto-plastic constitutive law
(stiffness hardening/softening) [15,16,22] with the
stress evolution depending on the free strain varia-
ble and plastic and damage internal variables. The
theory here presented studies the phenomena of
stiffness degradation and irreversible strain accu-
mulation through the combined effect of damage
and plasticity.
3.3.2. Thermo plastic damage model
Since this work is guided to mechanical prob-
lems with small elastic strains, although large ine-
lastic strains, the free energy additivity hypothesis
is accepted W = We + Wp (see [14]). The elastic We
and plastic Wp parts of the free energy are written
in the reference configuration for a given entropy g
and temperature h field and elastic Green strains
Eeij ¼ Eij  Epij  Ehij; the two last variables operate
as free field variables [10,11,15,16,22]. The free
energy is thus written as
W¼WeðEeij;d;hÞþWpðap;hÞ
¼ ð1 dÞ 1
2mo
EeijC
o
ijklðhÞEekl
h i
þWpðap;hÞ
 
 hg
ð1Þ
Considering the second thermodynamic law
(Clausius–Duhem inequality), the thermo mechan-
ical dissipation can be obtained as [14]
N ¼ Sij
_E
p
ij
mo
 oW
oap
_ap  oW
od
_d  1
hmo
qirhP 0 ð2Þ
The accomplishment of this dissipation condi-
tion (Eq. (2)) demands that the expression of the
stress and the entropy should be defined as (Cole-
man method, see [19])
Sij ¼ mo oW
e
oEeij
¼ ð1 dÞCoijklðhÞðEeklÞ; g ¼ 
oW
oh
ð3aÞ
Also, from the last expressions, other thermo-
mechanical variables can be obtained as
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Csijklðd; hÞ ¼
oSij
oEekl
¼ mo o
2We
oEeij oE
e
kl
Conjugate thermal expansion coefficient :
bijðd; hÞ ¼ 
oSij
oh
¼ mo o
2We
oh oEeij
Specific heat : ck ¼ h ogoh ¼ m
oh
o2W
oh
ð3bÞ
where mo is the material density, Eeij, Eij, E
p
ij, E
h
ij are
the elastic, total, plastic and thermal strain tensors,
dini 6 d 6 1 is the internal damage variable en-
closed between its initial value d ini and its maxi-
mum value 1, ap is a plastic internal variable,
Coijkl and C
s
ijkl are the original and secant constitu-
tive tensors and Sij is the stress tensor for a single
material point.
3.3.3. Yield and potential plastic functions
The yield function F summarizes the concept of
residual strength in function of the current stress
state, the temperature and the plastic internal var-
iables and also in the formulation that here is pre-
sented it allows that the elastic–plastic formulation
also becomes sensitive to the fatigue phenomenon.
This function and the one of plastic potential G
they will have the following form:
F ðSij; ap; hÞ ¼ f ðSijÞ  KðSij; ap;N ; hÞ
GðSij; apÞ ¼ gðSijÞ ¼ cte:
ð4Þ
where f(Sij) and g(Sij) are the uniaxial equivalent
stress functions, K(Sij,a
p,N,h) is the strength
threshold, ap ¼ R t
0
_ap dt is a plastic internal variable
at current time t [15,16,22], N is the number of cy-
cles of the stress in the point of the solid and h is
the temperature.
The evolution laws for the plastic strain and the
internal plastic variables are defined as
_E
p
ij ¼ _k 
oG
oSij
_ap ¼ _k  HðSij; apÞ ¼ _k  ðhpÞij 
oG
oSij
ð5Þ
where k is the consistency plastic factor and H is a
scalar function with tensorial arguments [15,16,22]
that describes the evolution of each internal
variable.3.3.4. Threshold damage function
Onset of damage depends on the current stress
state, the internal damage variable, the tempera-
ture and in this case, like in the plasticity formula-
tion, it also depends on the number of cycles. The
thresholds damage function is defined in this case
as (see [28,19])
GDðSij; d; hÞ ¼ SðSijÞ  F DðSij; d;N ; hÞ ð6Þ
where SðSijÞ is the equivalent stress function in the
undamaged space, FD(Sij,d,N,h) is the strength
threshold and d ¼ R t
0
_d dt the damage internal var-
iable. The evolution of the damage variable is
defined as
_d ¼ _l oG
D
oS
ð7Þ
where l is the consistency damage factor, like of
consistency plastic factor, and GD the threshold
damage function defined above.
3.3.5. Tangent constitutive law
From the consistency conditions for the plastic
( _F ¼ 0) and damage ( _GD ¼ 0) problems, the stress
rate can be obtained as
_Sij ¼ oot ½ð1 dÞC
o
ijklðhÞEekl ¼ Ceijkl _Ekl  Cpijkl _E
p
kl
 Csijkl _E
h
kl; with Eij ¼ Eeij þ Epij þ Ehij
ð8aÞ
where
Csijkl ¼ ð1 dÞCoijkl
Ceijkl ¼ Csijkl 
1
ð1 dÞ
oGD
oS
oS
oSors
 
Corsij
 
Skl
Eq. (8a) can be written in the more standard form,
after some algebraic manipulation, as
_Sij ¼ Cepijkl _Ekl  Chijkl _E
h
kl ð8bÞ
with,
Cepijkl ¼ Ceijkl 
Csijrs
oG
oSrs
oF
oSmn
Cemnkl
 oFoapr ðhrÞtu
oG
oStu
þ oFoSmn C
s
mnrs
oG
oSrs
Chijkl ¼ Csijkl 
Csijrs
oG
oSrs
oF
oSmn
 oFoSmn C
e
mnkl
 
 oFoapr ðhrÞtu
oG
oStu
þ oFoSmn C
s
mnrs
oG
oSrs
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presentation, the material properties are assumed
to be dependent on the temperature state.
3.4. Thermo-mechanical coupling
The heat balance equation for the coupled thermo-
mechanical problem is deduced from the first
thermodynamic law and Fouriers conduction equa-
tion [13,14,17]. The energy equation for thermo-
mechanical problem can be written in the classical
form as
Qþ J div ki ohoxi
 
 hbij _E
e
ij þ Dp  ckmo _h ¼ 0 ð9Þ
where Q represent the caloric power, ðhbij _E
e
ijÞ the
thermo-elastic coupled term, bij is the conjugate
of thermal expansion coefficient, Dp the thermo-
plastic coupled term and J is the determinant of
the Jacobian matrix. Eq. (9) with the properly im-
posed boundary conditions can simulate the evolu-
tion of temperature influenced by the mechanical
variables. Next the form in which the phenomenon
of thermal fatigue is included within this theore-
tical frame is shown.
3.5. Thermo-elasto-plastic-damage model for
fatigue analysis. Macroscopic approach
We will define next the modification of the dis-
continuity threshold (yield and/or damage), incor-
porating the number of cycles like variable.
Through this modification it is gotten in this work
that the classic constitutive formulations already
established to simulate the non-lineal behaviours
of the materials they also become sensitive to the
phenomenon of the fatigue. This modification pro-
duces an ‘‘implicit evolution’’ of the internal plas-
tic and/or damage variables of the non-lineal
models. In addition, thermal effects in the fatigue
life evolution are introduced as in the mechanical
formulation, throughout an implicit internal dam-
age variable. The non-lineal behaviour taken place
by the fatigue is introduced in this procedure in
implicit form, by means of the incorporation of
the internal variable of fatigue that it is irreversible
with the increment of the number of cycles, with
the width and the average of the stresses and withthe factor of reversion of the load, affecting this
way the residual strength through the modification
of the yield and/or damage threshold.
The effect of the number of cycles on the plastic
and/or damage consistency conditions is intro-
duced as follows:
f ðSijÞKðSij;apÞ  fredðN ;Smed;R;hÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
KðSij;R;N ;hÞ
¼ 0
) f ðSijÞ
fN ðN ;Smed;RÞ  fhðhÞ
 
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
f 0ðSij ;N ;R;hÞ
KðSij;apÞ¼ 0
ð10aÞ
SðSijÞF DðSij;dÞ fredðN ;Smed;R;hÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
FDðSij;R;N ;hÞ
¼ 0
) SðSijÞ
fNðN ;Smed;RÞ fhðhÞ
 
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
S
0ðSij ;N ;R;hÞ
F DðSij;dÞ¼ 0
ð10bÞ
The reduction function fred(N,Smax,R,h) =
fN(N,Smax R) Æ fh(h) makes the plasticity and dam-
age models dependent on the phenomenon of ther-
mal fatigue. In Eq. (10), N is the current number of
cycles, R ¼ SminSmax it is the stress reversion factor, Smax
the maximum applied stress (see Fig. 2a),
fN(N,Smax,R) is the reduction function influenced
by the number of the cycles N and fh(h) is the ther-
mal reduction function.
The constitutive law for the thermo-mechanical
fatigue problem can be rewritten as it is shown in
Eqs. (8a) and (8b), simply changing the f and S
functions by the normalized ones f 0 = f=(fN Æ fh)
and S
0 ¼ S=ðfN  fhÞ.
The coupling between damage and plasticity en-
forces to the definition of an only internal variable
of hardening, choosing in this case the magnitude
of the total of the dissipated energy for the both
non-lineal processes, normalized to the unit.
_q ¼ Nm RðSijÞ ¼ ðNp þ NdÞ rðSijÞgf
þ ð1 rðSijÞÞ
gc
 
;
rðSijÞ ¼
1 for pure tension
0 for pure compresion

ð11Þ
),,( θα dqq = p
,,,( )θRSNf medred
Path: 1+2Path: 2
Path: 1
N
Fig. 3. Schematic view of the hyper yield-damage surface.
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and damage energy dissipations and gf,gc are the
maximum energy limits that can be dissipated at
a point at the end of the inelastic process. It must
be observed that this definition enforces the simul-
taneous fulfilment of the plastic and damage con-
sistency conditions. The mechanical process
described previously allows the coupling of rate
dependent or independent phenomena with the
number of cycles. Therefore, a given strength re-Fig. 4. Possible values for R = Smin/Smax in case ofsults from the combination of two phenomena de-
fined in independent spaces (see Fig. 3).4. Function of residual strength reduction for
fatigue—Wo¨hler curve definition
As mentioned in Section 2, Wo¨hler or ‘‘S–N’’
curves are obtained from constant amplitude tests
of smooth specimens cyclically loaded between a
maximum (Smax) and a minimum stress (Smin) lev-
els until failure. Typical ‘‘S–N’’ curves for metallic
materials look like as those in Fig. 2b, where it can
be seen that fatigue life (for the same Smax applied
stress) changes for different values of the ratio R
between Smax and Smin.
4.1. Influence of ratio R = Smin/Smax on ‘‘S–N’’
curves
Usually, ‘‘S–N’’ curves are obtained for fully re-
versed stress (R = Smin/Smax = 1.0) by rotatingharmonic constant amplitude function load.
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stress is not typical of real industrial components
working under cyclic loads. Let us see all possible
situations:
The maximum possible tension stress at a mate-
rial point is Smax = Su (Su = Pmax/Ao, ultimateFig. 5. Proposed S–N curves for different values of R (Smin/Smax). Par
BETAF = 3.35, STHR1 = 0.7, STHR2 = 0.5, AUXR1 = 0.0133 and Astress). Lets hold Smax = Su while Smin changes
its value from Smin = Su (R = + 1.0) to Smin = 0.0
(R = 0.0), where the point is under pure tension
stress. Now, lets Smin being a compression stress,
changing from Smin = 0.0 (R = 0.0) to Smin = Su
(R = 1.0), where the point is under a combinedameters were chosen as follow: Se = 0.5 * Su, ALFAF = 0.0068,
UXR2 = 0.0068.
102 104 106 108
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Strength Reduction Function
( fred) 
S-N curve
S/Su
Nº of cycles 
Fig. 6. Proposed strength reduction function (fred) obtained
from S–N curve for R = 1 and Smax = 0.7 * Su. The chosen
parameters are: Se = 0.5 * Su, ALFAF = 0.0068, BETAF =
3.35, STHR1 = 0.7, STHR2 = 0.5, AUXR1 = 0.0133 and
AUXR2 = 0.0068.
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Fig. 4). If Smin holds its last value, Smin = Su,
and Smax goes down from Smax = Su (R = 1.0)
to Smax = 0.0 (R =1), and the stress at the point
is still under combined tension–compression. The
possible values of Smax could go even lower, from
Smax = 0.0 (R =1) to Smax = Su (R = +1), being
the point under a compression–compression stress
(see the lower part of Fig. 4).
4.2. S–N curves function proposed
Based on the actual value of the R ratio and a
basic value of the endurance stress Se (for
R = 1) the model proposed here postulates a
threshold stress Sth. The meaning of Sth is that
of an endurance stress limit for a given value of
R = Smin/Smax.
if absðRÞ 6 1
SthðRÞ ¼ Se þ ðSu  SeÞ  ð0:5þ 0:5  RÞSTHR1
else
SthðRÞ ¼ Se þ ðSu  SeÞ  ð0:5þ 0:5=RÞSTHR2
end
ð12Þ
If the actual value of R is R = 1 then, Sth = Se.
The effect of the number of load cycles (Ncycles) on
the ultimate stress Su for a given value of R is ta-
ken into account by an exponential function,
SðR;NcyclesÞ ¼ SthðRÞ þðSuSthðRÞÞ  expðALFATðRÞ  log10ðN cylesÞBETAFÞ
ð13Þ
The value of ALFAT(R) is given by the function,
if absðRÞ6 1
ALFATðRÞ ¼ALFAFþð0:5þ0:5RÞAUXR1
else
ALFATðRÞ ¼ALFAFð0:5þ0:5=RÞAUXR2
end
ð14Þ
ALFAF, BETAF, STHR1, STHR2, AUXR1 and
AUXR2 are material parameters that need to be
adjusted according to S–N experimental tests.
Fig. 5 shows an example of application of these
functions.4.3. Residual strength reduction function
The proposed S–N curves (Eqs. (12)–(14)) are
fatigue life estimators for a material point with a
fixed maximum stress and a given ratio R. If, after
a number of cycles lower than the cycles to failure,
the constant amplitude cyclic loads giving that
maximum stress Smax (and ratio R) are removed,
some change in Su is expected due to accumulation
of fatigue cycles.
In order to describe that variation of Su the fol-
lowing function is proposed:
fredðR;NcyclesÞ ¼ expðB0  ðlog10N cyclessÞÞBETAFBETAF
ð15Þ
BETAF is one of the parameters of Eq. (13) and
B0 is obtained as a function of the ratio Smax/Su
and the number of cycles to failure N_F, by
B0 ¼ log10ðSmax=SuÞ=ðlog10N FÞBETAFBETAF
ð16Þ
The value of N_F can be obtained from (13),
N F ¼ 10ðððlog10ððSmaxSthðRÞÞ=ðSuSthðRÞÞÞÞ=ALFATðRÞÞ1=BETAFÞ
ð17Þ
Fig. 6 shows a S–N curve and the reduction
strength function fred using the same material
parameters of Fig. 5, a ratio R = 1 and a
S. Oller et al. / Computational Materials Science 32 (2005) 175–195 185Smax = 0.7 * Su. Su * fred intersect S–N curve at a
Smax stress level.N
a 2b 1a 1
Interval 3
b 3a 3
Interval 2
b 1
Interval 1
F
Fig. 7. Schematic time advancing loads representation. ai
describes the tracking load domain on the i interval. bi describes
the enveloping load domain on the same i interval.5. A brief review of the finite element equations
Following the virtual work principle and the
first thermodynamic law, the mechanical and ther-
mal equilibrium equations in the referential config-
uration are:
Mechanical :
R
V _ui  mo  €ui þ Sij  rsi _uj

 
dV
 RV mobi _ui dV  H
S
ti _ui dS ¼ 0
Thermal :
R
V hdivðqiÞdV þ
R
V qirhdV
 H
Sb
hqini dSb ¼ 0
8>>>><
>>>:
Substituting Eq. (11) in the mechanical equation
and Eq. (9) in the thermal one, and approximating
the displacements field u(xi) ffi Nu(xi) Æ U and the
temperature field h(xi) ffi Nh(xi) Æ H by the stand-
ard finite element approach [34], the following
equilibrium equations are obtained:
Mu  €Uþ f intu þMuh  _H fextu ¼ 0
Ch  _HþMhu  _Uþ Kh HþDp  fh ¼ 0
(
ð18Þ
where Nu(xi) and N
h(xi) are the displacement and
temperature shape functions, U and H are the
nodal values of the displacements and the temper-
ature, Mu is the mass matrix, f
int
u ¼ ðfkÞintu ¼R
V SijrSi Nujk dV is the mechanical internal forces
vector that uses the stresses Sij evaluated by means
of the constitutive model presented in Section 3 to-
gether to the life curves detailed in Section 4, Mh–u
is the thermal stiffness matrix, fextu is the nodal
force vector due to external loads, Ch is the caloric
capacity matrix, Mu–h is the thermoelastic cou-
pling matrix, Kh is the conductivity matrix, D
p is
the mechanical dispassion and fh is the thermal
load vector. The detailed definitions of these
matrices are given in Celentano [3] and Sluzalec
[29]. The solution of Eqs. (18) follows a struc-
tured staggered implicit time integration scheme.
Details can be found in Celentano [3] and Sluzalec
[29].5.1. Time advancing strategy
A great advantage of the methodology presented
above consists in the way the loading is applied.
Once a state of stationary behaviour is reached in
an integration point of the solid, that is to say with-
out changes in the amplitude neither the factor of
reversion of the equivalent stress, the load can be
applied advancing in the number of cycles with its
maximum amplitude, while the cyclic parameter
of the load stays constant (amplitude or the rever-
sion factor stress). Starting from the instant that
changes the cyclic load it should be made a tracking
of the load again in small fractions of time, until it
is possible to reach a new stationary state. So, in a
mechanical problem each load is applied in two
intervals, in the following order (see Fig. 7),
(a) Tracking load (described by ‘‘ai’’ periods on
Fig. 7). It is used to obtain the stress ratio
R = Smin/Smax at each integration point, fol-
lowing the load path during several cycles
until the R relationship tends to a constant
value. This occurs when the following norm
is satisfied:
g ¼
X
GP
Riþ1GP  RiGP
Riþ1GP

! 0 ð19Þ
where RiGP ¼ Smin=SmaxjiGP is computed at each
integration point ‘‘GP’’ (Gauss Point) for the
load increment ‘‘i’’.
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Fig. 7). After the first ‘‘tracking load interval’’
(ai), the number of cycles N is increased at
each Gauss interpolation point keeping con-
stant the maximum applied load (thick line
in Fig. 7) and the R stress ratio. In this new
load interval, the variable is not the level of
the load (kept constant), but the number of
cycles.
These two-stage strategies allow a very fast ad-
vance in the time loading. A new interval with the
two stages explained should be added for each
change in the loading level.Fig. 8. Geometry and boundary constraint conditions.
Fig. 9. Finite element mesh and boundary constraint
conditions.6. Crack evolution in a notched sample under
fatigue effects
Next an application of the previously constitu-
tive model formulated to a simple piece is pre-
sented. In this example the evolution of the inner
variable of damage is shown in function of the
number of cycles and also the crack opening in
function of the number of cycles is compared with
the results obtained using the classical theory of
Paris [26].
6.1. Material properties, geometry and finite
element mesh
The symmetrical half part of the sample it is
represented by 125 finite elements and 156 nodes.
The standard quadrilateral 4 nodded element with
4 Gauss Points are used.
The imposed displacement d = 0.02 · 103m of
amplitude and T = 1s of period is applied at the
top and bottom of the sample as shown in Fig. 8.
Load reversion factor of R = 1 and time incre-
ment Dt = 3s are considered. Once a state of sta-
tionary behaviour is reached (see Section 5.1) the
incremental load is applied advancing by cycles
of N = (t/T)2 steps (Fig. 9).
The sample is made up in steel and it is sub-
jected to the micro crack processes by means an
isotropic damage model (see Section 3.3). This
steel material has a Young modulus and Poisson
ratio of E = 2.01 · 105MPa, m = 0.1, while the sta-tic plastic-damage strength limit reaches
Su = 838.9MPa, and the values of the fracture
and crushes energy have the following value
Gf = Gc = 10kN/m.
6.2. Evolution of growth cracks and strain
localization
The fatigue crack evolution produced in the
notched piece subjected to tension and compres-
sion cycles of constant amplitude are shown below
(applied via prescribed displacements). It is impor-
tant to observe that during these cycles, the maxi-
mum initial applied stress state is lower than the
elastic limit in the most stressed regions of the part
(S = 402MPa). Nevertheless, strength depletion
can be seen in the notched part, leading to a
Fig. 10. Distorted mesh ·744 and Eyy strain contours for different number of cycles.
S. Oller et al. / Computational Materials Science 32 (2005) 175–195 187growth of cracks throughout the horizontal sym-
metry of the shaft.
Fig. 10 shows that the cracks evolution pro-
duced by fatigue effect. The crack opening is repre-
sented by the strain localization phenomenon
produced on the shaft of the notched piece. The
strength falls near to zero when the number of cy-
cles arrives at Ncycle = 2124; the sample at this mo-
ment is considered totally fractured.
6.3. Damage evolution curves along the shaft
Fig. 11 shows the evolution of damage at each
point indicated in the notched part shown in the
upper part of the figure, as a function of the num-
ber of cycles. It can be observed that the first
points suffer a fast damage growth, while point
number 45 start its damage growth at the final of
the processes.
Below in Fig. 12, the evolution of the crack
length or crack opening a is presented as a func-
tion of the number of cycles. In Fig. 12, a crack
opening curves evolution obtained here is shown
and it is compared with the solution of the model
of Paris [25,26]. The difference on the response ob-tained on both models, is due to the approach of
Wo¨hler curve that has been adopted in the present
work (see Section 4).
6.4. Stress evolution curves along the shaft
The stress evolution at each point of the crack
region is indicated in the series of curves shown
in Fig. 13. Note that each one of these curves cor-
responds to a point indicated in the figure of the
previous section. Also, it can be observed that no
points reached the initial damage stress limit
Su = 838.9MPa. Nevertheless, all the points along
the axes of the part have entered in the damage
state, as shown in Fig. 13.
It can also be observed that the points maintain
a certain mean stress which then grows suddenly
and immediately falls to zero.
Below are presented the stresses along the
length for the different number of cycles. In these
curves it can be observed that the stress is zero
at all the points for the zero cycle level, and then
increases while the number of the cycles increases,
until when reaching N = 2124 cycles the stress is
practically zeros at all the points again. Also it is
Fig. 11. Damage evolution curves along the shaft.
Fig. 12. Crack opening in function of the number of cycles.
188 S. Oller et al. / Computational Materials Science 32 (2005) 175–195important to note that there is not any point
whose elastic stress reaches the initial damage
threshold Su = 838.9MPa, but the material is fati-
gued and loses its strength vanishing to zero,
increasing the damage growth and the length of
the cracks.7. Industrial validation of the proposed fatigue
model
The analytical model proposed in the previous
section has been implemented into the general-
purpose thermo-mechanical finite element code
Fig. 13. Stress evolution for each point (series) along de number of the cycles.
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implementation had been validated using real
industrial components. In this section the analysis
of an aluminium engine alternator support is pre-
sented. The alternator support, Fig. 14, was se-
lected by Fonderie 2A among the components of
their actual production and experimentally tested
by Politecnico de Torino (POLITO) in the frame-
work of the DARCAST Project [8].
Two batches were provided: one batch of non-
porous components (i.e. components with an
acceptable level of porosity) and one batch of por-
ous components; the distinction was done by the
manufacturer based on radioscopy examination.Fig. 14. Engine alternator support and equipmenAll the about 50 components submitted to fatigue
testing were previously examined through radio-
scopic and radiographic inspection in order to
classify their actual porosity level. Few compo-
nents were also scanned through computed tomog-
raphy to gain a more detailed analysis of the
defects. The higher resolution of this last technique
permitted to visualise that a scattered porosity was
also present in the ‘‘non-porous’’ sample.
At the end of the fatigue test, the fracture sur-
faces were analysed both through metallographic
and scanning electron microscopy to evaluate the
nature and dimensions of the defects (that include
pores as well as inclusions as oxide films).t used for the fatigue experimental testing.
190 S. Oller et al. / Computational Materials Science 32 (2005) 175–195The fatigue testing showed that for both sam-
ples (porous and non-porous) four different re-
gions of failure could be identified. At regions of
failure not highly stressed, pores of significant
dimensions, oxide films and defects in the micro-
structure were observed on the fracture surfaces.
The difference in the fatigue limit as found for
the porous and non-porous samples (the classifica-
tion was made by Fonderie 2A on the basis of their
standard radioscopic inspection) was observed to
be statistically non-significant.
7.1. Material characterization
Three batches of specimens were experimentally
tested, corresponding to porosity ranges 0, 2, 4
(category A) according to ASTM E505 [1] stand-
ard. The porosity level was assessed through
X-ray examination.
In order to calibrate the elasto-platic constitu-
tive model (J2) to the material (GD-AlSi8.5-
Cu3.5Fe-UNI 5075) the support was made of, a
simple tension numerical test was carried out for
material with porosity A0 and A2. Fig. 16 shows
the numerical results (Stress–Strain curves) in
comparison with those from experimental tests
for material with porosity A2 (Fig. 15).
The fatigue life prediction model was also cali-
brated using experimental results from POLITO.
Rotating bending tests (R = Smin/Smax = 1) were
run on the aluminium specimens. Tests performed0
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Fig. 15. Stress–Strain curve for the aluminium alloy. Experi-
mental and numerical results.on the three batches of aluminium alloy specimens
showed a great influence of porosity on the fatigue
strength of the material. A significant reduction in
the fatigue strength at 2 million cycles (high cycle
fatigue) was found when the degree of porosity is
increased from A0 to A2. The decrease was dis-
tinctly lower when the degree of porosity was fur-
ther increased from A2 to A4.
Experimental results, Stress–N of cycles curves,
for aluminium alloy with porosity A2 are shown in
Fig. 16 and the corresponding numerical approach
appears in Fig. 18. For the fatigue characterisation
of the aluminium alloy, the material parameters
used for the numerical test were (Fig. 17):
SthðRÞ ¼ Se þ ðSu  SeÞ  ð0:5þ 0:5RÞ3:5;
Se ¼ 0:4Su; Su ¼ 220MPa
SðR;NcyclesÞ ¼ SthðRÞ þ ðSu  SthðRÞÞ
 expð0:00065  log10ðN cylesÞ4:55Þ7.2. Die cast aluminium support analysis
Once the material was characterized for quasi-
static and cyclic loading, a numerical simulation
of the aluminium alternator support (Fig. 14)
was done and results of the analysis were com-
pared with those from experimental testing.
The experimental tests were done applying a
minimum load of 0.5kN and a maximum load be-
tween 10 and 11.5kN. For the numerical analysis
these values were a minimum of 0.5kN and a max-
imum of 10.5kN, given a mean load of 5.5kN and80
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Fig. 16. Stress–Number of cycles experimental curves for the
aluminium alloy.
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force was applied as a surface load as indicated
in Fig. 18 on a three-dimensional model on two
time intervals. Throughout the first time interval
the time steps were fixed as 1/8 of the period cycle.
During the second interval the fatigue analysis was
carried out using the maximum stresses (Smax) andFig. 18. Geometry, loading, boundary coratios (R = Smin/Smax) obtained on the previous
interval. In this way time steps can be far larger
than the used during the first interval reducing
the computing time. Results presented here were
obtained using a time step of 1.0 · 105 cycles.
Fig. 19 compares experimental regions of failure
with stress distribution obtained from the numericalnditions and displacement results.
Fig. 19. Stress distribution from numerical simulation and experimental regions of failure.
192 S. Oller et al. / Computational Materials Science 32 (2005) 175–195simulation. Regions of failure 2, 3 and 4 are in
coincidence with extended areas highly stressed.
Fig. 20 demonstrates the correlation between
the damage areas due to fatigue and experimental
regions of failure. Damage is observed in concord-
ance with regions of failure 3 and 4. Region of fail-
ure 2 (upper part) correspond to a highly
compressed area what dismiss the fatigue effects.
For region of failure 1 the numerical analysis only
found a small area of stress concentration due to
local geometry conditions.
Stress and damage index evolution during the
time loading, in semi-logarithmic scale, are shown
in Figs. 21 and 22 for a Gauss Point with one of
the highest damage index.Life prediction of the aluminium support
according with these curves (material A2) agrees
with experimental tests: Failure around 900,000 cy-
cles for a maximum load of 10.5kN (50% probabil-
ity of survival, porous and no-porous components.
No porous components indicate acceptable level
of porosity).
It is well known that the results from fatigue
tests show a wide scattering. In the case of the
aluminium support analysed, the fatigue testing
identified four different regions of failure. At re-
gions of failure not highly stressed, pores of sig-
nificant dimensions, oxide films and defects in
the microstructure were observed on the fracture
surfaces (remark from POLITO). The uncertainty
Fig. 20. Fatigue damage distribution from numerical simulation and experimental regions of failure.
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Fig. 21. Stress evolution at a Gauss Point on the damaged area.
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in the estimation of material properties (variabil-
ity from one specimen to another) and its effects
on the probability of failure could be solved using
an statistical approach. The authors are currently
working on such a type of fatigue analysis.8. Concluding remarks
A powerful tool, based on continuum mechan-
ics and the finite element method, which allows
accurate predictions on fatigue behaviour of
metallic components has been presented. General
194 S. Oller et al. / Computational Materials Science 32 (2005) 175–195expressions for the elasto-plastic-damage constitu-
tive equations sensitive for cyclic loads have been
derived and stress-cycles and reduction strength
curves functions have been proposed. The S–N
functions proposed depend on and are capable of
dealing with any value of the ratio between mini-
mum and maximum stress. A time advancing
strategy has been formulated. This two-stage strat-
egy (tracing load and enveloping load intervals)
permits a very fast advance in the time loading.
A simple application example and aluminium
industrial component have been studied to show
the potential of the methodology developed which
can be applied to analyse components and struc-
tures made of different materials (material param-
eters must be characterised for each one) and
under complex cyclic loads. Comparing results
from numerical mechanical analysis with those
from experimental test on the industrial compo-
nent, excellent relationship between highly stressed
zones (as well as plastic strain zones) and regions
of failure have been found. Damaged areas
according the numerical analysis were observed
in concordance with experimental regions of fail-
ure. Lifetime prediction of the aluminium support
agrees with experimental tests.Acknowledgments
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